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Abstract
Expanding upon earlier results [arXiv:1702.02861], we present a compendium of
σ-models associated with integrable deformations of AdS5 generated by solutions to
homogenous classical Yang-Baxter equation. Each example we study from four view-
points: conformal (Drinfeld) twists, closed string gravity backgrounds, open string
parameters and proposed dual noncommutative (NC) gauge theory. Irrespective of
whether the deformed background is a solution to supergravity or generalized super-
gravity, we show that the open string metric associated with each gravity background
is undeformed AdS5 with constant open string coupling and the NC structure Θ is di-
rectly related to the conformal twist. One novel feature is that Θ exhibits “holographic
noncommutativity”: while it may exhibit non-trivial dependence on the holographic
direction, its value everywhere in the bulk is uniquely determined by its value at the
boundary, thus facilitating introduction of a dual NC gauge theory. We show that the
divergence of the NC structure Θ is directly related to the unimodularity of the twist.
We discuss the implementation of an outer automorphism of the conformal algebra
as a coordinate transformation in the AdS bulk and discuss its implications for Yang-
Baxter σ-models and self-T-duality based on fermionic T-duality. Finally, we comment
on implications of our results for the integrability of associated open strings and planar
integrability of dual NC gauge theories.
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1 Introduction
The study of integrable models has precipitated many powerful results in physics, leading
to deep insights, especially in non-perturbative regimes. String theory is no exception: in the
wake of the discovery that the two-dimensional (2D) string worldsheet σ-model on AdS5×S5
is classically integrable [1], great interest has focused on integrable structures at the heart of
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the AdS/CFT correspondence [2]. More concretely, we recognize that the string worldsheet
theory is classically integrable in the sense that one can define a Lax pair (see [3–5] for
reviews), whose flatness is equivalent to the equations of motion of the σ-model. In turn,
the Lax pair allows one to define an infinite set of conserved charges. In the context of the
prototypical AdS/CFT duality between string theory on AdS5×S5 and N = 4 super Yang-
Mills (sYM), integrability has provided the strongest evidence for the duality, allowing one
in principle to compute the spectrum of the quantum theory in the planar limit exactly [6–9].
There is considerable interest in extending integrability techniques beyond the highly
symmetric setting of AdS5×S5 , or equivalently sYM on R1,3, to less contrived examples.
We recall that one of the earliest integrability preserving deformations of AdS5×S5 was dis-
covered in the process of constructing AdS/CFT geometries [10–12] dual to NC spacetimes,
which arise naturally in string theory [13, 14] (see [15] for a review). In time we came to
appreciate these deformations as a particular example of T-duality shift T-duality (TsT)
transformations [16]. For TsT deformations, the existence of a Lax pair guarantees that the
deformation is classically integrable [17] (see also [18])
Recently, Yang-Baxter (YB) deformations of the σ-model [19–22] have emerged as a
systematic way to generate integrable deformations of the AdS5×S5 superstring [23, 24].
As a result, one can embed TsT transformations into a larger class of YB deformations
of the σ-model [25–38], which are defined by r-matrices satisfying the homogeneous clas-
sical Yang-Baxter equation (cYBE). In turn, the r-matrices may be crudely divided into
Abelian and non-Abelian, and it has been proved that Abelian r-matrices correspond to
TsT transformations [36], thus ensuring that the corresponding YB deformation is a super-
gravity solution. For non-Abelian r-matrices, a further “unimodularity” condition on the
r-matrix [35] distinguishes valid supergravity backgrounds from solutions to so-called gener-
alized supergravity [39, 40]. While a class of non-Abelian r-matrices may be understood in
terms of non-commuting TsT transformations [35], more generally it has been conjectured
(and demonstrated case by case) [41] that homogeneous YB deformations correspond to
non-Abelian duality transformations [42–46]. See [47] for the proof for the bosonic case and
the result for the supersymmetric case.
This paper constitutes the follow-up to an earlier letter [48], which made the following
key observations and results:
1. We proved for any YB deformation of AdS5 with an r-matrix satisfying the homoge-
neous cYBE that there is a universal description in terms of open string parameters:
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concretely, the open string metric [14] is always the original undeformed AdS5 metric
with constant open string coupling1, and all information about the YB deformation is
encoded in the NC structure Θ2, which in general is an anti-symmetric two tensor all
over the AdS5 bulk.
2. Based on observation 1. we claimed that homogeneous YB deformations of AdS5 are
twists of the conformal algebra so(4, 2), or alternatively “conformal twists”. Within
this setting, this conjecture was made previously in [31], where it was argued that YB
deformations of AdS5 based on Abelian and Jordanian r-matrix solutions to the cYBE
result in Drinfeld twists of the conformal algebra. Where the Drinfeld twists of the
conformal algebra have been studied, namely for the Poincare´ subalgebra [50–52], one
can confirm that the NC structure Θµν , defined through the characteristic commutation
relation involving spacetime operators xˆµ,
[xˆµ, xˆν ] = iΘµν (µ, ν = 0, . . . , 3), (1.1)
agrees with the NC structure extracted from the geometry at leading order. Working
at this order, we identify a large class of NC structures from the geometry, as well as
recovering examples based on well-defined Drinfeld twists of Poincare´ algebra. Since
a twist is expected for each r-matrix, although the precise form of the twist element
may be unknown, one can expect agreement at leading order.
3. Our almost exhaustive list of examples led us to the novel concept of “holographic
noncommutativity”. In extending from Poincare´ twists to twists of the full conformal
algebra, one may consider twists involving dilatation D and special conformal gener-
ators Kµ, which result in an NC structure dependent on the AdS radius z. Since the
generators of the conformal algebra are Killing vectors in the bulk, with the Killing
vectors corresponding to D and Kµ picking up a z dependence, it is most natural
to consider this holographic description. The holographic (bulk) NC structure ΘMN ,
M,N = 0, . . . , 3, z and the boundary NC structure Θµν (1.1) are related as
Θµz(z = 0) = 0, ΘMN(z = 0) = Θµν . (1.2)
Moreover, the value of ΘMN everywhere in the bulk is uniquely specified by the value of
1See [49] for an earlier observation of this feature in the context of O(d, d) transformations of D-branes.
2To be more accurate, since our Θ is not necessarily constant, we call it NC structure, rather than NC
parameter which is more usual terminology for constant Θ cases.
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Θµν at the boundary, thereby justifying the “holographic noncommutativity” picture.
4. Based on exhaustive case by case studies, we show that the NC structure read off from
the geometry is directly related to the r-matrix through the deformation parameter η,
ΘMN = −2 η rˆMN (M,N = 0, . . . , 3, z), (1.3)
where rˆMN denote the components of the r-matrix evaluated in the standard coordinate
basis vectors. It is worth noting that the above relation (1.3) is holographic in nature
and setting z = 0 one recovers an equation that was first recorded in [37] for a large
class of unimodular models. However, as we argue in section 3, it is more general and
holds for all homogeneous YB deformations. In fact this direct relation between Θ and
the r-matrix is even more general. To illustrate this fact, in appendix B we show a
direct relation between Θ and the tensorial r-matrix also exists for YB deformations
based on r-matrix solutions to the modified cYBE [23].
5. For YB deformations corresponding to valid supergravity solutions, i. e. unimodular
r-matrices, we invoked AdS/CFT to infer the existence of corresponding NC defor-
mations of N = 4 sYM with NC structure Θµν = −2 η rˆµν . We stress that similar
conclusions have been arrived at by van Tongeren in [31, 37] and here we provide a
complementary viewpoint. We recall that following analysis pioneered by Maldacena-
Russo [11] in the AdS/CFT context, van Tongeren considered deformations of D3-
brane geometries and the low-energy decoupling limit. Here, we work directly in the
near-horizon limit, and instead of discussing the decoupling limit, we invoke now stan-
dard AdS/CFT logic that any deformation in the gravity side should correspond to a
deformation in the sYM side and based on global symmetries preserved by the deforma-
tions, we motivate our conjectured duality to NC deformations of super Yang-Mills.3
For twists based on the conformal group, not only do our mathematical relations and
general AdS/CFT expectations support existence of dual NC sYM description, but
also as we argue, there is an automorphism of the conformal algebra which relates
these twists to the Poincare´ twists. This latter provides another justification for the
presence of such a decoupling limit.
6. Non-unimodular YB deformations result in solutions of generalized supergravity, which
3For Drinfeld twists based on Poincare´ symmetries, which correspond to TsT transformations, the de-
coupling limit of Dp-branes and the map between closed and open string frames trivially commute. This is
clear from the analysis presented in section 3, where we show that for a simple TsT and a general spacetime,
the NC structure is a constant, so for Dp-branes it is the same before and after the decoupling limit.
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are specified by a Killing vector field I [39, 40]: simply put, setting I = 0, we recover
usual supergravity. We identified a novel relation that bridges the open string and
closed string descriptions,
∇MΘMN = IN . (1.4)
As a direct consequence, unimodular YB deformations are characterized by divergence-
free ΘMN . For these cases, the divergence-free condition allows solving ΘMN as a
bulk field in terms of the boundary NC structure Θµν , thus justifying the holographic
noncommutativity discussed in item 2. above. We attributed this remarkable result
to the preservation of Λ-symmetry [53, 54], thus providing the first explanation of the
unimodularity condition [35] where the Killing vector field I is directly related to the
r-matrix through the NC structure.
In this paper, we extend the results of [48] in the following ways. Firstly, we present a
proof of the relation (1.3) for AdS5 spacetimes with Poincare´ metric. In addition, we discuss
Λ-symmetry of D-branes and provide the details of how it accounts for the equation (1.4).
Along the way, we provide a further check of the consistency of the equations of motion
of generalized supergravity [39, 40] (see appendix C). We further discuss equation (1.4) in
terms of a candidate Poisson structure defined by the NC structure Θ and we show that
the Killing vector I, pulled back to the D-brane worldvolume, describes a modular vector
field corresponding to a candidate Poisson structure defined by Θ (see appendix E). As extra
checks on our results, we identify Θ and I for a large class of YB deformations, thus allowing
the reader the opportunity to confirm the validity of equation (1.4) directly.
Some of the examples of YB deformations we discuss are new to the literature. The moti-
vation to study them stems from the fact that the outer automorphism of the conformal alge-
bra, D ↔ −D, Pµ ↔ Kµ, which flips the sign of the dilatation operator, while interchanging
translation and special conformal symmetries, corresponds to a coordinate transformation in
anti-de Sitter. We explicitly check that YB deformations corresponding to r-matrices related
through this automorphism, are in turn related geometrically via coordinate transformation.
As a second application, we demonstrate that the maximally symmetric AdSp×Sp geome-
tries, p = 2, 3, 5, are self-T-dual under combination of bosonic T-dualities [55, 56] along
special conformal isometries and fermionic T-dualities [57, 58] with respect to isometries
constructed from superconformal Killing spinors. This should be contrasted with the usual
prescription where bosonic T-dualities along translation isometries and fermionic T-dualities
with respect to Poincare´ Killing spinors feature [57, 59] (see also [60, 61]).
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The structure of this paper is as follows. Following a brief review of YB deformations in
section 2, in section 3 we introduce and define open string parameters and prove that the
open string metric and coupling constant agree with the undeformed closed string metric and
coupling constant. In section 4, we invoke AdS/CFT to make the case for unimodular YB
deformations being dual to noncommutative deformations of sYM. In section 5, we review
the Λ-symmetry of D-branes and explain how it accounts for equation (1.4). In section 6,
we provide a host of examples of YB deformations, some of which are new. In each case,
we provide explicit expressions for Θ and I, allowing the reader to validate (1.4) for a large
class of examples. Finally, in section 7 we introduce a known outer automorphism of the
conformal algebra that corresponds to a coordinate change in AdS. We show that the co-
ordinate transformation may be used to generate YB deformations, as well as illustrating
self-T-duality based on a combination of T-dualities with respect to special conformal sym-
metries and superconformal supercharges. Section 8 contains our concluding remarks. In
the four appendices we have gathered part of our conventions and some further technical
details of the computations and analysis.
2 Review of the YB deformation
We begin with a review of the YB deformed σ-model following the coset construction.
Our presentation is a simplification of the AdS5×S5 supercoset construction presented in [32]
where, since we are primarily interested in deformations of AdS5, we consider the coset space
SO(4, 2)/SO(4, 1) and neglect the internal space. Moreover, we restrict our attention to YB
deformations based on r-matrix solutions to the homogenous cYBE.
The YB deformed σ-model action is [21–24],
L = Tr
[
AP (2) ◦ 1
1− 2ηRg ◦ P (2)A
]
, (2.1)
with a deformation parameter η and Rg(X) ≡ g−1R(gXg−1)g . Setting η = 0, we recover
the undeformed AdS5 σ-model. Above, A = −g−1dg, is a left-invariant current with g
an element of the conformal group, g ∈ SO(4, 2). Moreover, P (2) is a projector onto the
coset space so(4, 2)/so(4, 1), spanned by the generators Pm (m = 0, . . . , 4), which satisfy
Tr[PmPn] = ηmn = diag(−++ ++). P (2) may be expressed as
P (2)(X) = ηmnTr[X Pm]Pn , X ∈ so(4, 2) . (2.2)
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We summarize our matrix representations in appendix A. For further details, we refer the
reader to [32].
Returning to the exposition of the deformation, R is an antisymmetric operator satisfying
the homogeneous cYBE,
[R(X), R(Y )]− R([R(X), Y ] + [X,R(Y )]) = 0, (2.3)
with X, Y ∈ so(4, 2). In turn, the operator R can be written in terms of an r-matrix as,
R(X) = Tr2[r(1⊗X)] =
∑
i,j
rijbiTr[bjX ], (2.4)
where r ∈ so(4, 2)⊗ so(4, 2) is
r =
1
2
∑
i,j
rijbi ∧ bj , with bi ∈ so(4, 2). (2.5)
The r-matrix is called Abelian if [bi, bj ] = 0 and unimodular if it satisfies the following
condition [35]:
rij[bi, bj ] = 0, (2.6)
where i, j range over the generators of so(4, 2).
In order to read off the YB deformed geometry from (2.1), we adopt the following
parametrization for g,
g = exp[xµPµ] exp[(log z)D], (2.7)
where Pµ (µ = 0, ..., 3), D respectively denote translation and dilatation generators, which
are related to Pm as explained in the appendix. Having introduced coordinates, we are now
in a position to define rˆMN as
rˆ =
1
2
rˆMN∂M ∧ ∂N , (2.8)
where ∂M are differential operators on AdS5 (A.2) with M,N ranging over the holographic
coordinate, namely z. Then, the YB deformed metric gMN (M,N = 0, . . . , 3, z), NS-NS
two-form BMN , and dilaton Φ (in string frame) can be expressed as [32],
gMN = e
m
Me
n
Nk(mn), BMN = e
m
Me
n
Nk[nm], e
Φ = (det5 k)
1/2,
kmn = k(mn) + k[mn],
(2.9)
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where emM is the AdS5 vielbein, and we have defined,
km
n ≡ (δmn − 2ηλmn)−1, (2.10a)
λm
n ≡ ηnlTr[PlRg(Pm)]. (2.10b)
This completes our review of YB deformations.
To close this section, it is instructive to consider an example. We return to the earliest
example of an Abelian twist [10,11], which will serve as our most pedestrian example in this
work and in this case we will be deliberate. Here, the Abelian r-matrix [26] is,
r =
1
2
P1 ∧ P2. (2.11)
In terms of differential operators, the r-matrix may be expressed as
rˆ =
1
2
∂1 ∧ ∂2. (2.12)
To determine the deformation (2.9), we must first identify λ nm (2.10b), before plugging
back into (2.10a). We initially determine (see appendix A),
g−1Pig =
1
z
Pi, Rg(P1) =
1
2 z2
P2, Rg(P2) = − 1
2 z2
P1. (2.13)
Next, we substitute this expression into (2.10b) to identify the only non-zero component of
λ nm , namely
λ 21 = Tr[P2Rg(P1)] = −
1
2 z2
, λ 12 = Tr[P1Rg(P2)] =
1
2 z2
. (2.14)
The NSNS sector of the corresponding closed string solution may then be read off from
(2.9),
ds2 =
(−dt2 + dx23 + dz2)
z2
+
z2
(z4 + η2)
(dx21 + dx
2
2) + ds
2(S5),
B =
η
z4 + η2
dx1 ∧ dx2, e2Φ = g2s
z4
(z4 + η2)
.
(2.15)
where we have omitted the RR sector, which may be found in the original texts [10, 11].
For the full supercoset construction of this background, see [32]. This solution was ini-
tially generated using a TsT transformation starting from the AdS5×S5 solution to type IIB
supergravity.
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3 “Open string” description
Having introduced the nuts and bolts of the YB deformation, although admittedly in
an abstract fashion, in this section we outline one of the novel results of our work. The
viewpoint we adopt here is that YB deformations of AdS5×S5 σ-model, can be viewed as
field redefinitions of supergravity fields defining the background. This field redefinition, for
historical reasons related to the context they were first coined and used, is called closed
string to open string map. That is, for a given deformed background supergravity solution
specified by “closed string” metric, B-field and dilaton, one can define the corresponding
“open string” metric, ΘMN -field and open string coupling. As we will prove below, it turns
out that the open string is the original undeformed metric with constant string coupling. In
this description, the field redefinition/deformation is hence fully parameterized only by the
so-called NC structure ΘMN . We note that although we call ΘMN the NC structure it is in
general an antisymmetric two tensor field defined in the bulk.
To be more concrete, we introduce closed string parameters (gMN , BMN , gs), which allow
us to define the open string metric GMN , NC structure Θ
MN and coupling Gs [14]:
GMN =
(
g − Bg−1B)
MN
, (3.1)
ΘMN = − ((g + B)−1B(g − B)−1)MN , (3.2)
Gs = gse
Φ
(
det(g +B)
det g
) 1
2
. (3.3)
We stress that the above, and at this stage, should be viewed as a field redefinition from the
so-called “closed-string frame” (gMN , BMN ,Φ) to the “open string frame” (GMN ,Θ
MN , Gs).
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As we will argue, however, the name open string frame is very well justified since fields in this
frame describe the open string degrees of freedom, the massless sector of which is associated
with the dual NC sYM description residing on the boundary of the (deformed) AdS space.
Before progressing to general homogeneous YB deformations of AdS5, which is the focus
of this paper, we meander somewhat to discuss deformations based on Abelian r-matrices.
It has been proved that YB deformations with Abelian r-matrices correspond to TsT trans-
formations of superstring σ-models [36]. So, as a warm-up, it is prudent to check for TsT
4The context in which the names open string and closed string frame were first coined [14] and find their
precise meaning, is a flat space with constant B-field. Nonetheless, one can show that this field redefinition
appears for general backgrounds in the context of T-duality as canonical transformation from a worldsheet
viewpoint, e.g. see [62].
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transformations that the open string metric is undeformed. 5
To this end, we consider the ansatz for the NS sector of 10D supergravity with U(1)×U(1)
isometry [65],
ds210 = ds
2
8 + e
2C1Dϕ21 + e
2C2Dϕ22, (3.4)
B = B2 +B
1 ∧ dϕ1 +B2 ∧ dϕ2, (3.5)
where we have defined the covariant derivatives Dϕi = dϕi+A
i. Here, Ci denote scalar warp
factors and Ai,Bi represent gauge fields that only depend on the transverse 8D spacetime.
Neglecting cross-terms in the metric and B-field , i. e. gϕ1ϕ2 , Bϕ1,ϕ2, this is the most general
ansatz. We also allow for a non-trivial dilaton Φ.
Performing T-duality on ϕ1, a constant shift ϕ2 → ϕ2+ηϕ1, and a second T-duality back
along ϕ1, we find the TsT-deformed NS-NS sector [65]:
ds˜210 = ds
2
8 +
1
[1 + η2e2C1+2C2 ]
[
e2C1(Dϕ1 + ηB
2)2 + e2C2(Dϕ2 − ηB1)2
]
,
B˜ = B2 +B
1 ∧ dϕ1 +B2 ∧ dϕ2 + ηB1 ∧B2
− λe
2C1+2C2
[1 + η2e2C1+2C2 ]
(Dϕ1 + ηB
2) ∧ (Dϕ2 − ηB1),
Φ˜ = Φ− 1
2
ln(1 + η2e2C1+2C2).
(3.6)
Using the above expression, it is easy to check that the open string metric (3.1) is simply
the original metric (3.4) on the condition that B2 = B
i = 0, so that initially there can be
no NS-NS two-form B. Setting B = 0, we find that we recover the original string coupling,
Gs = gs, while the NC structure is simply a constant Θ
ϕ1ϕ2 = η. It is worth stressing that
the result is not completely general. We must ensure that there is no NS-NS two-form before
we start the deformation. In the existing YB deformation literature, since most works focus
on deformations of AdS5×S5, where B = 0, this is tacitly assumed. 6
5It is well-known that the effect of TsT transformations for the AdS5×S5 background can be undone by
mapping the deformed closed string σ-model action to the action for open strings in AdS5×S5 with twisted
boundary conditions for the open strings [17,63,64], yet in these works the connection to the Seiberg-Witten
closed-string to open-string map [14] is not made. This motivates us to make this connection explicit and,
in the process, comment on how the NS-NS two-form affects the analysis.
6As a side remark, we note that the geometry AdS3×S3 can be supported purely by an NS-NS three-form
flux, where the action of T-duality is obstructed by the flux threading AdS3 and S
3. This would appear
to preclude TsT transformations, so it may be interesting to study YB deformations in that context to
understand if there is an issue, potentially some breakdown in the YB machinery reviewed in section 2.
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Next, we specialize to the cosets, where we discuss deformations based on non-Abelian
r-matrices. More concretely, for YB deformations of AdS5 (2.9), it is easy to identify the
inverse open string metric and NC structure,
GMN +ΘMN = eMm e
N
n (η
mn + 2η λmn) , (3.7)
where eMm denotes the inverse vielbein. Note, the classical Yang-Baxter equation is not
needed to derive (3.7). Since λmn is anti-symmetric, it is straightforward to separate the
components,
GMN = eMm e
N
n η
mn, ΘMN = 2η eMm e
N
n λ
mn. (3.8)
Inverting GMN , it is clear that the open string metric is precisely the original AdS5 metric.
Moreover, inserting (2.9) into (3.3), we get Gs = gs = constant. That is, all the information
about the YB deformation, as viewed by open strings, is sitting in ΘMN , while the metric is
undeformed AdS5.
We now return again to our familiar example (2.15), where the open string metric be-
comes,
ds2open =
1
z2
(−dx20 + dx21 + dx22 + dx23 + dz2) + ds2(S5),
Θ12 = −η, Gs = gs. (3.9)
We recognize immediately that the equation (1.3) is satisfied. It is also worth noting that
since the NC structure is constant, the divergence trivially vanishes and we see that the
geometry is a solution to supergravity, as expected. Furthermore, while the closed string
metric (2.15) has a severely deformed causal and boundary structure [10–12], the spacetime
as seen by the open strings is the usual AdS5×S5 with R1,3 boundary. The open string
parameters (in particular the metric) constitute the relevant geometry for the dual field
theory and therefore our result above indicates that the dual description is a Θ-deformed
sYM.
As a final comment, let us note that Gs = gs implies the determinant of the open string
and closed string metrics are related as follows (see (2.44) of [14]):
√
G = e−2Φ
√
g. (3.10)
Since the open string metric is undeformed, this implies that the density e−2Φ
√
g, in addition
11
to being a recognized invariant of T-duality, is also an invariant of YB deformations.
3.1 Proof of ΘMN = −2 η rˆMN
Here, we sketch a proof of equation (1.3) for YB deformations of AdS5. To begin, we note
that M,N range over the holographic direction z in addition to the Minkowski coordinates,
µ = 0, . . . , 3. Given an r-matrix (2.5), λmn may be re-expressed as,
λmn =
∑
i,j
ηmkηnlrijTr[Pl(g
−1big)]Tr[Pk(g
−1bjg)], (3.11)
where m,n = 0, . . . , 4 range over the generators of the coset, while i, j enumerate generators
in the r-matrix. We hope there is no confusion.
Therefore to evaluate (3.8), we require only to evaluate Tr[Pl(g
−1big)] for the generators
of the conformal algebra, bi ∈ {Pµ,Mµν , D,Kµ}. Using the matrix representation in the
appendix A, the non-zero expressions are:
Tr[Pl(g
−1Pµg)] = −1
z
ηlµ,
Tr[Pl(g
−1Mµνg)] = −xν
z
ηlµ +
xµ
z
ηlν ,
Tr[Pl(g
−1Dg)] = −xl
z
, Tr[P4(g
−1Dg)] = −1,
Tr[Pl(g
−1Kµg)] =
2xlxµ
z
− xνx
ν + z2
z
ηlµ, Tr[P4(g
−1Kµg)] = 2xµ. (3.12)
The important point to note is that the expressions simply correspond to the components
of the same generator evaluated as a differential operator (A.2) once the z-dependence is
ignored. This makes it easy to simply determine λmn and substitute it back in (3.8), where
factors of the inverse vielbein of AdS5 ensure that the correct z factors appear in the final
expression for the differential operators.
4 Conformal Twists & NC gauge theory
Quantum field theory (QFT) can be formulated on the NC spacetime characterized
by Θ (1.1). To illustrate how this comes about, first consider the case of constant Θ, which
arises in particular in the example (2.15). One can replace the product of spacetime fields
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in the QFT with the Moyal star product in the following way,
f(x)g(x)→ (f ⋆ g)(x) = f(x)e i2Θµν
←
∂µ
→
∂νg(x). (4.1)
The commutator then turns into the Moyal bracket:
[f, g]⋆ := f ⋆ g − g ⋆ f = iΘµν∂µf∂νg + O(∂3f, ∂3g). (4.2)
It should be noted that we recover the commutator (1.1) when f(x) = xµ, g(x) = xν .
It is known that a theory with Moyal ⋆-product is equivalent to employing a Hopf algebra
with the co-product that uses an Abelian Drinfeld twist element [50],
F = e−2iηr = e
i
2
ΘµνPµ∧Pν , (4.3)
where the r-matrix appearing here satisfies the cYBE [26]. By replacing the matrix gener-
ators Pµ with differential operators Pˆµ, the Moyal star product (4.1) can be reconstructed.
The twist (4.3) is Abelian and it does not change the Poincare´ algebra [50], instead the
co-product of the universal enveloping algebra of the Poincare´ algebra is deformed [66].
For the simplest case of the twist (4.3), it turns out that the resulting NC structure is
constant. In fact, for any given twist, the NC structure is determined: if one changes the r-
matrix appearing in the twist, this change is reflected in the NC structure of the spacetime.
Going beyond the simple Abelian twist above, if one allows for Lorentz generators Mµν ,
one can consider solutions to the cYBE of the form r ∼ P ∧M and r ∼ M ∧M . These
correspond to resulting NC structures that are linear and quadratic in Cartesian coordinates,
respectively [52]. As a concrete example, consider replacing, for example, r = P1 ∧ P2 with
r = 1
2
M01 ∧M23 in the twist (4.3). Then up to a sign that depends on conventions, Θ is
given by [52]:
Θ02 =− 2 sinh η
2
· x1x3, Θ03 = 2 sinh η
2
· x1x2,
Θ12 =− 2 sinh η
2
· x0x3, Θ13 = 2 sinh η
2
· x0x2.
(4.4)
We have checked that the YB prescription (3.8) can be used to obtain the same expressions at
leading order in η. On the basis of this example, we are forced to conclude that our method
for reading off Θ from the geometry is only sensitive to terms linear in the deformation
parameter.
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We have exhausted all known twists of the Poincare´ subalgebra of the conformal algebra.
To the extent of our knowledge at this point the literature terminates, so we are unable to
compare further7. However, we conjecture that homogeneous YB deformations of anti-de
Sitter correspond to twists of the conformal algebra, so that the known results from YB
deformations may serve as predictions for the corresponding conformal twists. We will now
take a closer look at two examples.
Let us consider the r-matrices,
r1 =
1
2
D ∧K1,
r2 =
1
2
(P0 − P3) ∧ (D +M03).
(4.5)
Since they involve dilatation D and special conformal generators Kµ, we regard these as con-
formal twists in the true sense. We note that the latter is unimodular, in fact Abelian8 (e.g.,
see the classification of [35]), while the former is not unimodular, so that the corresponding
YB deformation does not lead to a supergravity solution. Making use of (2.10b) and (3.8)
it is straightforward to find the values of Θ:
Θ1µ(1) = ηx
µ(xνx
ν + z2), Θ1z(1) = ηz(xνx
ν + z2), (4.6a)
Θ−+(2) = −4ηx+, Θ−i(2) = −2ηxi, Θ−z(2) = −2ηz, (4.6b)
where µ 6= 1, i = 1, 2 and x± = x0± x3. Θ(1,2) correspond to the r-matrices r1,2 respectively.
One can readily confirm that (1.3) is satisfied. From the explicit form of the conformal
algebra generators (A.2) it is obvious that in general the NC structure may have cubic and
quartic terms.
Note that the NC structure may have non-trivial z-dependence with non-zero legs Θzµ
along z. However, as is explicitly seen for the examples in (4.6a), (4.6b), all the Θzµ compo-
nents vanish at the AdS boundary at z = 0. Referring the reader to the explicit expressions
for the generators of conformal algebra as differential operators (A.2), it is clear that at z = 0,
we simply recover the standard form of the four dimensional conformal algebra generators.
7More generally, one may consider κ-Minkowski spacetime and the associated κ-Poincare´ algebra, but it
is worth noting that it cannot be obtained from a twist of the usual Poincare´ algebra [67, 68].
8It is worth noting the following relation
[P0 − P3, D + aM03] = (a− 1)(P0 − P3),
where a is a constant. Hence r2 in (4.5) is Abelian because it corresponds to the case with a = 1.
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Moreover, the value and form of ΘMN components at arbitrary z in the bulk is determined
from Θµν at the boundary. In this sense all the information stored in ΘMN , including its
z-dependence, can be recovered from the boundary information.
Unimodular r-matrices lead to the YB deformations that have an interpretation as de-
formed AdS5 string theory backgrounds. Within AdS/CFT logic, closed string theory in the
decoupling limit on these backgrounds is expected to be dual to Yang-Mills theories with
noncommutativity parameter Θµν = −2 η rˆµν [10–12]. Note, however, that the existence of a
decoupling limit should not be taken for granted [12] (see also [31,37] for related discussion).
It has been argued that in the case of “electric” noncommutativity (ΘµνΘµν < 0) the open
string theory does not reduce to NC sYM. One then has to deal with the non-critical NC
open string theory (NCOS) [69–72], which is related to NC sYM at strong coupling. While
the analysis of the mentioned papers and most of the literature on NC field theories are
made for the Moyal case with constant Θ, it is plausible that these results extend over to
generic x dependent NC cases.
As an important final comment in this section, we would like to point out that as dis-
cussed in [73], the planar integrability of N = 4 sYM continues to hold for a certain subset
of Abelian twists of the Poincare´ algebra. Planar integrability of the NC sYM and analysis
of [73] is established as a perturbative result in the small ’t Hooft coupling, and recalling
the integrability results for undeformed sYM, it is presumably extendable to all orders in
’t Hooft coupling. The integrability of the open string (or closed string) worldsheet theory,
however, via the AdS/CFT, is translated to the planar integrability at strong ’t Hooft cou-
pling. The two integrabilities hence confirm and strengthen each other. In the NC case, the
integrability of the worldsheet along with analysis of [73], may be used to conjecture the
planar integrability of the dual NC sYM. See [31] for earlier comments in this direction. We
shall return to this point later in the discussion section.
4.1 Comparison to Drinfeld twists
In this subsection, we will show that NC structures read off from the open string descrip-
tion, namely (4.6a) and (4.6b), agree with the corresponding NC structures that arise from
Drinfeld twists of the conformal algebra. To the extent of our knowledge, these results on
twists of the conformal algebra are new and help substantiate our claim that homogeneous
YB deformations of unimodular r-matrices are dual to conformal twists of Yang-Mills the-
ories. In fact, as the astute reader will notice, the same algebraic structure underlies both
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the YB deformations and the conformal twists, regardless of the nature of the r-matrix, but
only for unimodular r-matrices can we confidently invoke AdS/CFT. It is possible that a
similar duality exists for solutions to generalized supergravity, as suggested originally in [31],
but we will be conservative and not push this claim.
For the first one of the r-matrices (4.5),
r1 =
1
2
D ∧K1, (4.7)
we note that it is a Jordanian r-matrix, [D,K1] = −K1, and the corresponding twist is a
Drinfeld twist. However, it is clear that since the r-matrix is non-Abelian, in contrast to
Abelian r-matrices e. g. [50,52], there is not a simple expression for the corresponding twist
element as the exponential of the r-matrix. Regardless, to leading order the twist element is
Fˆ ≃ 1− iηDˆ ∧ Kˆ1 + . . . . (4.8)
and this is enough to confirm that we recover the geometric result at the same order. The
star product then takes the form,
f(x) ⋆ g(x) = m ◦ Fˆ(f(x)⊗ g(x)) = m ◦ (1− iηDˆ ∧ Kˆ1)(f(x)⊗ g(x)),
= m ◦ (1 + iη(xρ∂ρ) ∧ (2x1 xλ∂λ − xλxλ ∂1))(f(x)⊗ g(x)), (4.9)
where m denotes the operation of commutative multiplication, m(f(x)⊗ g(x)) := f(x)g(x).
Note, that there is no z-dependence and the operators are essentially the AdS5 Killing vectors
evaluated at z = 0. Taking f(x) = xµ, g(x) = xν , µ, ν = +,−, 1, 2, while expanding to first
order, one finds,
xµ ⋆ xν = xµxν − i
2
η(xλxλ)(x
µδν1 − xνδµ1 ),
xν ⋆ xµ = xνxµ − i
2
η(xλxλ)(x
νδµ1 − xµδν1 ). (4.10)
Therefore, the Moyal bracket is
[xµ, xν ]⋆ = x
µ ⋆ xν − xν ⋆ xµ = −iη(xλxλ)(xµδν1 − xνδµ1 ). (4.11)
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It is easy to read off the non-zero components of Θµν :
Θµ1 = −ηxµ(xλxλ). (4.12)
This precisely agrees with the expression derived from the geometry (4.6a), further evaluated
at z = 0.
Next, let us consider the second r-matrix,
r2 =
1
2
(P0 − P3) ∧ (D +M03), (4.13)
which is Abelian and can be exponentiated to get the twist element. It is convenient to
introduce null coordinates, x± = x0 ± x3, so that the 4D Minkowski metric is
ds2 = −dx+dx− + (dx1)2 + (dx2)2, (4.14)
where η+− = −12 , η+− = −2. In these coordinates, the generators correspond to differential
operators:
Pˆ0 − Pˆ3 = −2∂−, Dˆ + Mˆ03 = −2x+∂+ − x1∂1 − x2∂2, (4.15)
where again we have restricted the Killing vector fields to the boundary at z = 0.
Using the Drinfeld twist
Fˆ = e−2iηrˆ2 = e−iη(Pˆ0−Pˆ3)∧(Dˆ+Mˆ03), (4.16)
the star product can be written as
f(x) ⋆ g(x) = m ◦ Fˆ(f(x)⊗ g(x)) = m ◦ e−iη(Pˆ0−Pˆ3)∧(Dˆ+Mˆ03)(f(x)⊗ g(x)),
= m ◦ e−iη∂−∧(2x+∂++x1∂1+x2∂2)(f(x)⊗ g(x)). (4.17)
Specifying again f(x) = xµ, g(x) = xν , one finds,
xµ ⋆ xν = xµxν − i
2
η(x+ηµ+ην− − x1ηµ+ην1 − x2ηµ+ην1 − µ↔ ν),
xν ⋆ xµ = xνxµ − i
2
η(x+ην+ηµ− − x1ην+ηµ1 − x2ην+ηµ1 − ν ↔ µ). (4.18)
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Note that in this case the η-expansion terminates at first order. Thus, the Moyal bracket is
[xµ, xν ]⋆ = x
µ ⋆ xν − xν ⋆ xµ = −iη(x+ηµ+ην− − x1ηµ+ην1 − x2ηµ+ην1 − µ↔ ν). (4.19)
It is easy to read off the non-zero components of Θµν :
Θ−+ = −4ηx+, Θ−1 = −2ηx1, Θ−2 = −2ηx2. (4.20)
This precisely agrees with the expression derived from the geometry (4.6b), further evaluated
at z = 0.
5 Λ-symmetry and divergence of Θ
In this section we motivate (1.4) from a symmetry principle. We will confine our attention
to Yang-Baxter deformations, but recent applications of (1.4) to non-Abelian T-duality [74],
and in particular Ricci-flat Bianchi cosmologies [75], where there is no D-brane description,
suggest that a more general explanation should exist. In short, (1.4) is applicable even in
the absence of a D-brane description, but here we present an explanation based on D-branes,
which ultimately may also be inadequate. With this disclaimer, we proceed.
To begin, we review Λ-symmetry. We recall the string theory σ-model action in the
Polyakov form,
Sclosed =
1
4πα′
∫
Σ
d2x
(
habgMN(X)∂aX
M∂bX
N + ǫabBMN(X)∂aX
M∂bX
N
)
. (5.1)
We remark that under the Λ-transformation,
B → B + dΛ, (5.2)
where Λ is a generic one-form, the action transforms by a total derivative term,
δΛSclosed =
1
2πα′
∫
Σ
d2x ǫab∂a
(
ΛM(X) ∂bX
M
)
.
As a result of this observation, we conclude that (5.2) is a gauge symmetry of closed string
theory. The Λ-symmetry is explicitly seen in the low-energy effective theory of closed strings
in the fact that the B-field appears in the supergravity action through the field strength
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H = dB.
When we are dealing with open strings, e.g. in the presence of D-branes, this Λ-symmetry
is modified: the Λ-variation of the action is not zero any more. However, in these cases the
worldsheet action has a boundary term [78],
Sboundary =
1
2πα′
∫
∂Σ
dxaAM (X) ∂aX
M , (5.3)
where A(X) is the gauge field along the D-brane. Now, if together with (5.2) we also
transform A as,
A→ A− Λ, (5.4)
the worldsheet theory retains Λ-invariance. This symmetry is also reflected in the low energy
theory of D-branes, the DBI action [78], where the B-field appears only through B + dA
combination [53, 54, 78].
5.1 Λ-symmetry and NC description
We will now see how the condition (1.4) emerges as the equation of motion of the auxiliary
gauge field A. One has to fix the gauge dA = 0 after varying the action, in order to facilitate
the replacement (g +B)−1[MN ] = ΘMN . Then, recalling the identity [14],
G−1s
√
detG = g−1s e
−Φ
√
det (g +B), (5.5)
one has(
δA
∫
g−1s e
−Φ
√
det (g +B + dA)
)∣∣∣∣
dA=0
=
G−1s
2
∫ √
detG (g +B)−1MN∂[NδAM ]
= G−1s
∫ √
detG∇MΘMN δAN .
(5.6)
Note that ∇M is the covariant derivative with respect to the Levi-Civita connection of the
open string metric. In other words, the divergence of an antisymmetric tensor ΘMN is
computed using the open string metric,
∇MΘMN ≡ 1√
detG
∂M
(√
detGΘMN
)
. (5.7)
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The above then yields9
∇MΘMN = 0. (5.8)
A complementary viewpoint is to note that the open string parameters GMN , Θ
MN , Gs
are defined for a fixed Λ-gauge of the B-field. In other words, the NC description is in
general Λ-gauge dependent [14, 54]. There are of course specific actions that are invariant
under (infinitesimal) Λ-transformations. Crucial observation is that deriving the equation
of motion for A in the gauge dA = 0 (5.6) is formally equivalent to varying the gauge fixed
action with respect to Λ. To check which DBI actions are invariant, we impose that the LHS
of (5.5) be Λ-invariant:
δΛ
∫
G−1s
√
detG = δΛ
∫
g−1s e
−Φ
√
det (g +B) = G−1s
∫ √
detG∇MΘMN ΛN = 0, (5.9)
which yields the same constraint on Θ.
We note that the full action governing the low-energy dynamics of the theory in the NC
description is SNCDBI + SSugra. Since SSugra is invariant under Λ-symmetry on its own, (5.8) is
the condition for Λ-invariance of the full theory in the NC description.
The astute reader will note that none of the above discussion is tailored to a particular
D-brane of given dimensionality and it is a generic observation that the LHS of (1.4) follows
from varying a DBI action. There is however an important distinction: g, B are now closed
string fields with dependence on holographic direction z, essentially the geometric data
provided by YB deformations of AdS5 geometries. Our analysis above works for any Dp-
brane (p ≥ 3) whose worldvolume includes the four directions on AdS5 at a given z while
wrapping on some cycles on the interal deformed S5 part. For definiteness and simplicity, as
we will do in the next section one may, however, focus on the case of a D3-brane at a fixed
radial coordinate z, as is done in [79]. In the next section, we show that the RHS of (1.4)
can be motivated from a Wess-Zumino term.
5.2 Generalized supergravity and Λ-symmetry
As discussed earlier, there are non-unimodular YB deformations, which correspond to
background geometries that are not solutions to supergravity, but instead satisfy generalized
supergravity equations of motion [39,40]. The generalized supergravity equations of motion
(see appendix C), besides the usual supergravity fields, involve an isometry (Killing) vector
9A closely related argument may be found in [80].
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field IM [39, 40]. Here, we revisit the Λ-invariance for generalized supergravity.
Going through the set of generalized supergravity equations, one can check that these
equations are invariant under the Λ-transformation (5.2) (see appendix C.1). Therefore,
Λ-invariance of the generalized supergravity is guaranteed. In fact one can show that the
modifications of the supergravity equations of motion from the closed string worldsheet the-
ory viewpoint (i.e. cancellation of the 2d conformal anomaly and the β-function equations10)
arise from requiring the worldsheet conformal invariance in presence of a given isometry vec-
tor field IM . To see the latter one can choose a target space normal coordinate basis in which
one of the target space directions is along IM and repeat the standard β-function analysis
in this frame, while requiring vanishing of the Lie derivative of any supergravity field X ,
LIX = 0.
The next step is to consider Λ-invariance of the DBI action in the presence of the modi-
fication IM introduced by generalized gravity. Here we focus on D3-branes that source the
AdS5×S5 geometry. More concretely, we recall that to consider D3-branes in the presence of
background fields, we should consider an action comprising the DBI part and Chern-Simons,
or Wess-Zumino, terms:
SDBI+WZ =
∫
Σ4
(
e−Φ
g
√
det(g + F) +
(
C4 + C2F +
1
2
C0F
2
))
, (5.10)
where we have defined F = F + B, with F being the field strength of the gauge field living
on the brane, the D3-brane worldvolume Σ4 and RR potentials Cn. For conciseness, we have
omitted wedge products in the WZ term. For D3-branes embedded along the flat directions
of the AdS5 Poincare´ patch metric, one finds a “no force” condition, which is a hallmark of
supersymmetric configurations.
Given the above action, there is a related action one can consider,
SAdS5 =
∫
AdS5
(
4e−Φ
g
√
det(g +B)−
(
F5 +B ∧ F3 + 1
2
B2F1
))
, (5.11)
where Fn are the usual RR field strengths and we have set the gauge fields to zero. This
action is essentially the exterior derivative of the original D3-brane action and it is related
to the previous action via Stokes theorem (see for example [84]). The factor of 4 and the
minus sign appear to ensure the “no force” condition for the AdS5×S5 geometry supported
10The generalized supergravities are realized as special sections of Double Field Theory (DFT) [81, 82].
For argument on the Weyl invariance based on the DFT viewpoint, see [83].
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by five-form flux. As explained in greater detail in [79], varying this action with respect to
Λ, while making use of the identities
d(F3 +B ∧ F1) = iI(F5 +B ∧ F3 + 1
2
B ∧ B ∧ F1) = 4iIvol(AdS5), (5.12)
and demanding that it is Λ-invariant, δΛSAdS5 = 0, leads to the required equation on the
nose,
∇MΘMN = IN . (5.13)
While admittedly, our treatment here is a little quick, it should be noted that the first
equality in (5.12) follows directly from the equations of motion of generalized supergravity,
while the second equality can be understood as the well-known invariance of Page forms
under TsT transformations. The reader will note that this is a non-trivial result where the
variation of the Wess-Zumino term vanishes for pure supergravity backgrounds and results
in an I factor for generalized supergravity. We refer the reader to [79] for further details.
In summary, the take-home message is that (5.13) is a consistency condition that arises
from demanding that the D3-brane action, or more accurately its AdS5 bulk counterpart, is
invariant under Λ-symmetry when coupled to the background fluxes of (generalized) super-
gravity.
6 Death by example
In this section, we flesh out our prescription by discussing various examples. Where the
solutions have already appeared in the literature, we omit the RR sector. In each case,
from a knowledge of the NS sector of the YB deformation, we identify the NC structure
from the geometry and show it satisfies (1.3). In cases where the YB deformed geometry
is a supergravity solution, we confirm the NC structure is divergence-free, whereas if the
resulting geometry is a solution to generalized IIB supergravity, we show that the divergence
satisfies (1.4).
6.1 A new unimodular example
Before proceeding to YB deformations based on non-unimodular r-matrices, we consider
deformations that are supergravity solutions. Having discussed the Maldacena-Russo geom-
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etry, it will be instructive for later purposes to consider the related Abelian twist
r =
1
2
K1 ∧K2 . (6.1)
This r-matrix also satisfies the unimodularity condition (2.6), so one expects the output to
be a supergravity solution. As we discuss later in section 7, one interesting feature of this
r-matrix is that it is related via an outer automorphism of the conformal algebra to (2.11).
Owing to its length, we omit the corresponding expression in terms of differential operators,
which may be easily worked out from (A.2).
The YB deformation corresponding to the r-matrix may be written as 11,
ds2 =
−dx20 + dx23 + dz2
z2
+
z2 [ dx21 + dx
2
2 ]
z4 + η2(xµxµ + z2)4
+
4η2(xµx
µ + z2)2
z2[ z4 + η2(xµxµ + z2)4 ]
[
−(x21 + x22)
(
xµdx
µ + zdz
)2
+(xµx
µ + z2)(x1dx1 + x2dx2)
(
xµdx
µ + zdz
)]
+ ds2(S5) ,
B =
η(xµx
µ + z2)
z4 + η2(xµxµ + z2)4
[
2(x1dx2 − x2dx1) ∧ (−x0dx0 + x3dx3 + zdz)
+
(−x20 − x21 − x22 + x23 + z2) dx1 ∧ dx2] , Φ = 12 log
[
z4
z4 + η2(xµxµ + z2)4
]
,
F3 =
8η(xµx
µ + z2)
z5
[
dx0 ∧ (x1dx1 + x2dx2) ∧ (−zdx3 + x3dz)
+x0(x1 dx1 + x2 dx2) ∧ dx3 ∧ dz + −x
2
0 − x21 − x22 + x23 + z2
2
dx0 ∧ dx3 ∧ dz
]
,
F5 = 4
[
z4
z4 + η2(xµxµ + z2)4
ωAdS5 + ωS5
]
, (6.2)
where ωAdS5 denotes the undeformed AdS5 volume form. It is easy to confirm that the open
string metric is undeformed with constant coupling, but the non-trivial information about
the deformation resides in the NC structure,
Θ01 = −2x0x2(xµxµ + z2)η , Θ02 = 2x0x1(xµxµ + z2)η ,
Θ12 = (x20 + x
2
1 + x
2
2 − x23 − z2)(xµxµ + z2)η ,
Θ13 = 2x2x3(xµx
µ + z2)η , Θ1z = 2x2z(xµx
µ + z2)η ,
Θ23 = −2x1x3(xµxµ + z2)η , Θ2z = −2x1z(xµxµ + z2)η .
(6.3)
11We have introduced xµx
µ ≡ −x20 + x21 + x22 + x23 and xµdxµ ≡ −x0dx0 + x1dx1 + x2dx2 + x3dx3.
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It is lengthy, but nevertheless straightforward, to show that divergence vanishes in line with
(1.4). Before leaving this example, we stress that this provides a non-trivial prediction for
the corresponding Abelian twist of the conformal algebra. Once evaluated on the boundary,
z = 0, we expect the result to agree with the leading order NC deformation arising from
a Drinfeld twist of the conformal algebra, thus extending earlier results on Poincare´ twists
[50–52]. Since the above expression (6.3) is quartic, this extends the known x-dependence of
the NC structure beyond quadratic level.
6.2 Non-unimodular examples
From this point onwards, we will focus on non-unimodular r-matrices solutions to the
homogeneous cYBE, which will result in solutions to generalized supergravity. For each of
these examples, the RHS of (1.4) is non-trivial, and we will check case by case that the
equation is satisfied.
Let us first consider the non-Abelian classical r-matrix [31, 34]:
r =
1
2
P1 ∧D . (6.4)
Since [D,P1] = P1, it is clear that this r-matrix can not satisfy the unimodularity condition
[35]. Therefore, the YB deformation is not a solution to the usual type IIB supergravity but
its generalization [39, 40].
The associated YB deformed geometry is given by
ds2 =
z2[dt2 + dx21 + dz
2] + η2(dt− tz−1dz)2
z4 + η2(z2 + t2)
+
t2(−dφ2 + cosh2 φdθ2)
z2
+ ds2(S5),
B = −η tdt ∧ dx
1 + zdz ∧ dx1
z4 + η2(t2 + z2)
, Φ =
1
2
log
[
z4
z4 + η2(t2 + z2)
]
,
(6.5)
where we have omitted the RR sector, which may be found in the literature [31,34], and we
have further defined,
x0 = t sinhφ , x2 = t coshφ cos θ , x3 = t coshφ sin θ . (6.6)
The geometry is a solution to generalized type IIB supergravity, where the vectors describing
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the modification take the form,
I = − η z
2
z4 + η2(t2 + z2)
dx1 , Z = − 2η
2t
z4 + η2(t2 + z2)
(
dt− t
z
dz
)
. (6.7)
From the solution, it is clear that ∂x1 is a Killing direction. Indeed, raising the index on I,
IM = gMNIN , we note that modulo a factor and sign, we recover this Killing vector,
I = −η∂x1 . (6.8)
Using earlier results, it is easy to read off the corresponding NC structure,
Θtx1 = ηt , Θzx1 = ηz . (6.9)
and confirm that it satisfies the equation (1.4), or more concretely that
∇MΘMx1 = −η = Ix1 . (6.10)
Note, in contrast to [31], where the NC structures carry no z-dependence, the NC structure
we have defined gives rise to holographic noncommutativity, namely the noncommutativity
extends into the holographic direction z. The z-dependence cannot be gauged away and
plays a key role in ensuring that the equation (1.4) holds.
Next, we consider a related example, which has not appeared in the literature to date,
r =
1
2
K1 ∧D . (6.11)
Once again we see that the r-matrix is non-Abelian, since [D,K1] = −K1. As we will discuss
later in section 7, since the r-matrix (6.11) is related to (6.4) through an outer automorphism
of the conformal algebra, the YB deformations are related through a coordinate transforma-
tion. For the moment, we record the solution and will return to the precise relation to the
YB deformation (6.5) later. Using similar notation to before, the YB deformed geometry
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may be expressed as,
ds2 =
z2[dt2 + dx1
2 + dz2] + η2(x21 + t
2 + z2)2(dt− tz−1dz)2
z4 + η2(t2 + z2)(x21 + t
2 + z2)2
+
t2(−dφ2 + cosh2 φ dθ2)
z2
+ ds2(S5) ,
B =
η(x21 + t
2 + z2)
z4 + η2(t2 + z2)(x21 + t
2 + z2)2
dx1 ∧ (tdt + zdz) ,
Φ =
1
2
log
[
z4
z4 + η2(t2 + z2)(x21 + t
2 + z2)2
]
,
F3 =
4η t2(x21 + t
2 + z2) coshφ
z4
[
dt ∧ dθ ∧ dφ− t
z
dθ ∧ dφ ∧ dz
]
,
F5 = 4
[
z4
z4 + η2(t2 + z2)(x21 + t
2 + z2)2
ωAdS5 + ωS5
]
.
(6.12)
The geometry is again a solution of the generalized supergravity equations with defining
vectors
I = −ηz
2 [((x1)2 − t2 − z2)dx1 + 2x1(zdz + tdt)]
z4 + η2(t2 + z2)((x1)2 + t2 + z2)2
,
Z = − 2η
2t((x1)2 + t2 + z2)2
z4 + η2(t2 + z2)((x1)2 + t2 + z2)2
(
dt− t
z
dz
)
.
(6.13)
Raising the index on I, we encounter the special conformal generator,
I = η
[
(t2 − x21 + z2)∂x1 − 2x1(t∂t + z∂z)
]
, (6.14)
written in slightly unusual coordinates (6.6). Using earlier results, one can determine the
NC structure,
Θtx1 = ηt(t2 + x21 + z
2) , Θzx1 = ηz(t2 + x21 + z
2) , (6.15)
and calculate the divergence,
∇MΘMx1 = η(t2 − x21 + z2) = Ix1 ,
∇MΘMt = −2ηx1t = I t , ∇MΘMz = −2ηx1z = Iz .
(6.16)
Next, we consider the non-Abelian r-matrix
r =
1
2
√
2
(P0 − P3) ∧ (D −M03) , (6.17)
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which results in the following YB deformation:
ds2 =
−2dx+dx− + dρ2 + ρ2dθ2 + dz2
z2
− η2
[
ρ2
z6
+
1
z4
]
(dx+)2 + ds2(S5) ,
B = −η
[
ρdx+ ∧ dρ
z4
+
1
z3
dx+ ∧ dz
]
, Φ = Φ0 (constant) .
F3 = −4η
[
ρ2
z5
dx+ ∧ dθ ∧ dz + ρ
z4
dx+ ∧ dρ ∧ dθ
]
,
F5 = 4(ωAdS5 + ωS5) ,
(6.18)
The geometry is once again a solution of the generalized supergravity equations with vectors
I = IMdx
M =
2η
z2
dx+ , ZM = 0 = BMNI
N . (6.19)
Raising the index on I, we recover the Killing vector
I = −2η ∂x− . (6.20)
The NC structure is easily determined
Θzx
−
= ηz , Θρx
−
= ηρ . (6.21)
and (1.4) can be shown to hold,
∇MΘMx− = −2η = Ix− . (6.22)
Moving along, we consider a slightly more involved non-Abelian r-matrix
r =
1
2
√
2
[
(M01 −M31) ∧ P1 + (M02 −M32) ∧ P2 +M03 ∧ (−P0 + P3)
]
. (6.23)
27
The associated YB deformed geometry may be expressed as,
ds2 =
1
z4 − η2(x+)2
[
z2(−2dx+dx− + dz2) + 2η2z−2x+ρdx+dρ− η2z−2ρ2(dx+)2
− η2(x+)2z−2dz2
]
+
dρ2 + ρ2dθ2
z2
+ ds2(S5) ,
B = − η dx
+ ∧ (ρdρ− x+dx−)
z4 − η2(x+)2 , Φ =
1
2
log
[
z4
z4 − η2(x+)2
]
,
F3 = − 4η ρ
z5
(
ρdx+ ∧ dθ ∧ dz − x+dρ ∧ dθ ∧ dz) ,
F5 = 4
[
z4
z4 − η2(x+)2ωAdS5 + ωS5
]
,
(6.24)
The background is a solution of the generalized supergravity equations with defining vectors
I = − 3η z
2
z4 − η2(x+)2dx
+ , Z = − 2η
2x+
z4 − η2(x+)2dx
+ − 2η
2(x+)2
z(z4 − η2(x+)2)dz . (6.25)
Raising the index on I, we find the simple Killing vector,
I = 3η∂x−. (6.26)
The NC structure is given by
Θx
+x− = ηx+ , Θρx
−
= ηρ , (6.27)
which allows one to again confirm (1.4),
∇MΘMx− = 3η = Ix− . (6.28)
As our final example, we study the classical r-matrix,
r = −D ∧ P0 −M0µ ∧ P µ −M12 ∧ P2 −M13 ∧ P3 . (6.29)
which was originally studied in [33] in relation to a scaling limit of the classical r-matrix of
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Drinfeld-Jimbo type. The resulting YB deformed geometry is given by
ds2 =
−dx02 + dz2
z2 − 4η2 +
z2 [dx1
2 + dρ2]
z4 + 4η2ρ2
+
ρ2dθ2
z2
+ ds2S5 ,
B = − 2η
z(z2 − 4η2)dx0 ∧ dz −
2η ρ
z4 + 4η2ρ2
dx1 ∧ dρ ,
Φ =
1
2
log
[
z6
(z2 − 4η2)(z4 + 4η2ρ2)
]
,
(6.30)
where we have omitted the RR sector. This geometry is a solution of the generalized super-
gravity equations with the following vectors :
I =
8ηdx0
z2 − 4η2 −
4z2ηdx1
z4 + 4η2ρ2
, Z =
[
2(z2 + 2η2)
z(z2 − 4η2) −
2z3
z4 + 4η2ρ2
]
dz +
4η2ρdρ
z4 + 4η2ρ2
. (6.31)
Raising the index on I, we identify the constant Killing vector,
I = −4η(2∂x0 + ∂x1) . (6.32)
Once determined, the NC structure takes the form,
Θzx
0
= 2ηz , Θρx
1
= −2ηρ . (6.33)
and calculating the divergence, one may again confirm that (1.4) is satisfied,
∇MΘMx0 = −8η = Ix0 , ∇MΘMx1 = −4η = Ix1 . (6.34)
7 Automorphism, YB deformations & self-T-duality
As remarked in [35], since inner automorphisms of the algebra correspond to field redefi-
nitions in the string sigma model, they are expected to be coordinate transformations in the
target space. In contrast, in this section, we consider everyone’s favorite outer automorphism
of the conformal algebra,
D ↔ −D, Pµ ↔ Kµ. (7.1)
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This automorphism of the conformal algebra may be implemented through the coordinate
transformation, 12
xµ → x
µ
(xνxν + z2)
, z → z
(xνxν + z2)
. (7.2)
In order to better understand this transformation, consider the action of special conformal
transformations on AdS coordinates:
xµ → x′µ = x
µ + bµ(xνx
ν + z2)
1 + 2b · x+ b2(xνxν + z2) , z → z
′ =
z
1 + 2b · x+ b2(xνxν + z2) . (7.3)
From here we see that the action of the special conformal transformation is mapped to a
shift using the transformation (7.2),
x′µ
x′νx′
ν + z′2
=
xµ
xνxν + z2
+ bµ. (7.4)
To see that (7.2) is an automorphism, it is easy to check that it leaves the AdS metric
invariant. To further confirm this, one can use the representation of Pµ, Kµ and D as
differential operators (see appendix A); it is easy to see that (7.2) maps the differential
operators to each other. We now consider two applications.
7.1 YB deformations
For our first application, we will show that this automorphism can be used to generate
new YB deformations. For example, consider the Maldacena-Russo geometry (2.15), which
corresponds to the Abelian r-matrix r = 1
2
P1 ∧ P2. Invoking the automorphism of the
algebra, one can map this r-matrix to r = 1
2
K1 ∧K2. It is then expected that the resulting
geometries, namely (2.15) and (6.2), are related through the coordinate transformation (7.2).
It is straightforward to check this is indeed the case.
This transformation indeed percolates through the rest of our story. Consider the con-
stant NC structure corresponding to the Maldacena-Russo geometry, Θ12 = −η. On the
contrary, the corresponding NC structure for the geometry (6.2) is (6.3). Admittedly this
expression is suitably involved, but recalling that it transforms as a tensor,
ΘMN =
∂xM
∂x˜M
∂xN
∂x˜N
ΘM˜N˜ , (7.5)
12This transformation appears not to be widely known, but see for example [85].
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one can show that it also may be mapped back to the simple constant NC structure through
(7.2). We expect similar observations to hold for YB deformations where the r-matrices
are related through the outer automorphism (7.1). Moreover, our divergence conditions
on ΘMN and the holographic noncommutativity feature are covariant equations and hence
remain valid under coordinate transformation (7.2).
7.2 Self-T-duality
It is known that the maximally symmetric spaces AdSp×Sp, p = 2, 3, 5 [57–61], and
geometries based on exceptional Lie supergroups AdSq×Sq×Sq [86, 87] q = 2, 3, may be
mapped back to themselves under a combination of bosonic and fermionic T-dualities. In
the process of performing this transformation, the non-Lagrangian “dual superconformal
symmetry” [88] is mapped back to the original superconformal symmetry of the theory, and
combined they give rise to Yangian symmetry [89], a recognised structure for integrablility.
As a result, it is expected that all self-T-dual geometries are classically integrable, but the
precise relation is unknown. 13
In this subsection, we study self-T-duality of AdSp×Sp geometries, but with a small
twist. Instead of using the accustomed isometries, we will instead T-dualize with respect to
isometries that are related through the automorphism (7.1), but extended to the full super-
conformal algebra. To be concrete, we will work in the supergravity description (reviewed
in appendix D), with the Killing spinors from Poincare´ patch [92]
η = z−
1
2ηQ +
[
z
1
2 + z−
1
2xµΓµ
]
ηS, ΓzηQ = −ηQ, ΓzηS = ηS, (7.6)
where we have used subscripts Q and S to distinguish Poincare´ and superconformal Killing
spinors, respectively. It should be noted that the coordinate dependence is very different.
Instead of following the usual prescription, where ηS = 0, here we will instead set ηQ = 0
when performing fermionic T-dualities.
The idea is summarized in Figure 1. It is easiest to begin our study with the AdS3×S3×T4
geometry, since the Killing spinors corresponding to commuting fermionic isometries have
been previously identified in [59]. We will see that one can use the same Killing spinors
with ηQ simply replaced by ηS. To get oriented, let us consider the solution, which we can
13It is worth noting that there are integrable geometries (AdS4×CP3) that are not self-T-dual [65,90,91].
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AdS3 × S3 × T 4
F3 ∼ vol(AdS3)+vol(S3)
φ ∼ const
AdS3 × S3 × T 4
F3 ∼ izdz ∧ J
φ ∼ log z
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z
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φ ∼ log z
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T
-dualities
xµ ↔ xµ
−t2+x2+z2
xµ ∈ {t, x, z}
Figure 1: Scheme of AdS3 × S3 × T 4 self-T-duality.
explicitly write as
ds2 =
−dx20 + dx21 + dz2
z2
+ dθ2 + sin2 θ(dφ2 + sin2 φdψ2) + ds2(T 4), (7.7)
F3 =
2
z3
dx0 ∧ dx1 ∧ dz + 2 sin2 θ sin φdθ ∧ dφ ∧ dψ, (7.8)
where we are using nested coordinates for the S3 metric and the Poincare´ metric for AdS3.
Following [59], we introduce a basis for the Killing spinors so that the required projection
condition Γ6789ǫ = −ǫ is imposed. We consider the same complex basis spinors
ξa =
(
1
i
)
⊗ χa ⊗
(
1
i
)
, ξa+4 =
(
1
−i
)
⊗ χa ⊗
(
1
−i
)
, (7.9)
where χa, a = 1, . . . , 4, denote four-component spinors of the form χ1 = (1, 0, 0, 0)
T , χ2 =
(0, 1, 0, 0)T , etc. Making use of the explicit real gamma matrices in appendix A of [59], one
can rewrite the Killing spinors in terms of 16 x 16 gamma matrices so that the Weyl spinors
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take the form:
ǫ =
[
z
1
2 + z−
1
2 (−x0 γ2 + x1 γ 21 )
]
e
θ
2
γ145e
φ
2
γ34e
ψ
2
γ45ηS,
ǫˆ = −
[
z
1
2 + z−
1
2 (−x0 γ2 + x1 γ 21 )
]
γ1e
θ
2
γ145e
φ
2
γ34e
ψ
2
γ45ηS.
(7.10)
It was found for Poincare´ supersymmetries that the fermionic isometries built from the
constant Killing spinors,
η1 = ξ1 + ξ6, η2 = ξ2 − ξ5, η3 = ξ3 + ξ8, η4 = ξ4 − ξ7, (7.11)
commute, in the sense that the constraint (D.3) is satisfied. Simply replacing the Poincare´
supersymmetries with superconformal supersymmetries, we find that the same constraint
holds. This allows us to identify four commmuting fermionic isometries corresponding to
superconformal supersymmetries.
Making use of the same basis spinors, modulo an overall factor, we recover a very similar
matrix to (2.23) of [59]:
C =
16(−x20 + x21 + z2)
z

icθ − sθsφsψ −isθcφ −sθsφcψ 0
−isθcφ −icθ − sθsφsψ 0 −sθsφcψ
−sθsφcψ 0 icθ + sθsφsψ −isθcφ
0 −sθsφcψ −isθcφ −icθ + sθsφsψ
 ,
where we have employed the obvious shorthand cθ = cos θ, sθ = sin θ, etc. From the deter-
minant (D.4), one calculates the shift in the dilaton,
Φ =
1
2
log detC = 2 log
[
(−x20 + x21 + z2)
z
]
, (7.12)
where we have dropped a constant, which can be safely done by rescaling the constant Killing
spinors. Next, from the shift in the bi-spinor (D.5), one can read off the fluxes that support
the fermionic T-dual geometry,
F3 =
2 i z
(−x20 + x21 + z2)
d
[
z
(−x20 + x21 + z2)
]
∧ J, (7.13)
where J = dx6 ∧ dx8 − dx7 ∧ dx9 is the Ka¨hler form on the T4, and the geometry (7.7) is
unchanged.
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The key observation at this point is modulo the denominator, (−x20 + x21 + z2), this is
simply the result from the transformation with respect to Poincare´ supersymmetries. In fact,
we can recover the result simply by performing the transformation (7.2). As a result of this
transformation, the solution can be brought to the form,
ds2 =
(−dx20 + dx21 + dz2)
z2
+ dθ2 + sin2 θ(dφ2 + sin2 φdψ2) + ds2(T 4),
F3 = 2izdz ∧ J, Φ = −2 log z.
(7.14)
At this stage restoring the geometry reduces to the example discussed in [59]; further T-
dualizing on x0, x1, x6, x8 in turn, while inverting z → z−1, one recovers the original geometry
(7.7). The AdS5×S5 self-T-duality transformation is similar and we present some details in
appendix D.
8 Discussion
In this work, we fleshed out some of the details of the earlier letter [48]. We will sum-
marize the new results, thus extending the scope of the original letter. Building on the
observation that for each homogeneous YB deformation of AdS5 there exists an undeformed
open string metric, in this paper we showed that for generic TsT transformations, provided
the NS-NS two-form vanishes, the TsT-deformed geometry may be mapped to an open string
metric, which is simply the original undeformed metric. Moreover, the corresponding string
coupling is the original string coupling and the NC structure is a constant. In the concrete
context of homogeneous YB deformations of AdS5 we proved that the NC structure is re-
lated to the r-matrix through the expression (1.3). Our prescription only captures the linear
order dependence of the noncommutativity structure on the deformation parameter η, as is
demonstrated by comparison to generic Drinfeld twists.
In this paper, we coined the term “holographic noncommutativity”. In contrast to earlier
works [31,37], our prescription for reading off the NC structure leads to NC structures that
depend on the holographic direction z and can also have Θzµ components. This prescription
is the natural way to identify all the NC structures corresponding to YB deformations of the
full conformal algebra, since ultimately generators of the conformal algebra map to Killing
vectors in the bulk AdS5 spacetime, which inherently are z-dependent. For unimodular
r-matrices, i. e. those leading to supergravity solutions, one novel feature of holographic
noncommutativity is that the NC structure of the dual field theory is recovered on the
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boundary. To understand this better, we note that not all ΘMN components are independent.
There are constraints among them (5.8) or (5.13). With these constraints the number of
independent components in ΘMN is exactly the same as Θµν which is defined on the boundary
of AdS. In other words, one can solve (5.8) or (5.13) over AdS5 with Θ
µν at the boundary
z = 0 being the initial conditions for these first order equations. A generic result of this
analysis is that the Θzµ components vanish at z = 0, as confirmed by our long list of examples.
A similar statement is also true for the Killing vector field IM : IM is uniquely specified in
the bulk by giving Iµ components at z = 0.
A latter part of this work concerns the explanation of the unimodularity condition from
the open string perspective. For unimodular r-matrices, we traced the divergence-free con-
dition on the NC structure to the fact that the theory is Λ-symmetric. Moreover, for non-
unimodular r-matrices, where we are forced to go beyond the supergravity description, we
have identified a remarkable equation connecting closed and open string descriptions (1.4).
In this work, we show that this condition is satisfied for a large class of YB deformations
corresponding to non-unimodular r-matrices we examined and studied here, thus instilling
confidence that it should be correct for all cases. We also interpreted the Killing vector I
mathematically as the modular vector field for the NC structure Θ (see appendix E).
This paper also contains some novel results related to an outer automorphism of the
conformal algebra, which corresponds to a coordinate transformation in AdS. Firstly, we
showed that the coordinate transformation connects YB deformations, where the r-matrices
may be mapped to each other under the action of the automorphism. This is as expected
and demonstrates that the YB machinery is consistent. Secondly, we showed that this au-
tomorphism plays a natural roˆle when one maps AdSp×Sp geometries back to themselves
under a combination of fermionic T-dualities with respect to superconformal supersymme-
tries and compensating bosonic T-dualities along special conformal isometries. While this
self-T-duality transformation is expected, our work provides the first illustration of the map-
ping.
We end by briefly discussing the physical significance and implications of our results for
the integrability of the dual NC sYM theories. Our musings echo similar comments made
earlier in [31]. Let us first consider the closed string theory on AdS5×S5 background. This
worldsheet theory describes propagation of non-interacting closed strings on the background.
The perturbative string interactions may then be introduced via vertex operators. The
integrability of the closed string σ-model on the AdS5×S5 background then corresponds to
the planar integrability of the dual sYM side. (Note that according to standard AdS/CFT
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dictionary, the non-planar 1/N effects in the sYM side corresponds to strings interactions
on the background. Note also that the “direct” planar integrability checks in the sYM side
have been carried out in a perturbation series in the ’t Hooft coupling and then extended to
all orders in perturbation theory using the Yangian symmetry. The σ-model integrability,
however, corresponds to the large ’t Hooft coupling limit. The two planar sYM and closed
string worldsheet integrabilities, while confirming each other, are in a sense complementary to
one another.) On the other hand, it is now an established interesting result that closed string
σ-model integrability remains for AdS5×S5 deformations generated by conformal twists.
Moreover, as we discussed in this work, field theories dual to these closed strings are NC
deformations of sYM with the noncommutativity specified by the twist. One immediate
conclusion one may infer is that the NC sYM we discussed here should also remain planar
integrable. This result for a special class of Abelian Poincare´ twists was already mentioned
in [73]. Our analysis provides further supportive evidence for this result, as well as extending
it to larger class of conformal twists. It is of course desirable to back up this important result
by direct analysis in the NC sYM side. We hope to pursue this in future work.
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A Conformal algebra
For completeness, we record the conformal algebra so(4, 2) employed in this work,
[D,Pµ] = Pµ, [D,Kµ] = −Kµ,
[Pµ, Kν] = 2 (ηµνD +Mµν) , (A.1)
[Mµν , Pρ] = −2ηρ[µPν], [Mµν , Kρ] = −2ηρ[µKν],
[Mµν ,Mρσ] = −ηµρMνσ+ηνρMµσ+ηµσMνρ−ηνσMµρ.
The algebra can be realized in terms of differential operators as 14
Pˆµ = −∂µ, Kˆµ = −(xνxν + z2)∂µ + 2xµ(xν∂ν + z∂z),
Dˆ = −xµ∂µ − z∂z , Mˆµν = xµ∂ν−xν∂µ. (A.2)
Following [32], we define the following matrix representations for the generators. The
generators of the conformal algebra may be expressed as
Pµ =
1
2
(γµ − γµγ5), Mµν = 1
4
[γµ, γν], D =
1
2
γ5, Kµ =
1
2
(γµ + γµγ5), (A.3)
where µ = 0, 1, 2, 3. It is convenient to adopt the following realization of the gamma matrices,
γ0 =

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0
 , γ1 =

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0
 , γ2 =

0 0 0 i
0 0 i 0
0 −i 0 0
−i 0 0 0
 ,
γ3 =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 , γ5 =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1
 . (A.4)
Pm, which feature in the definition of the YB σ-model in section 2, may be defined in
terms of the gamma matrices as,
Pm = −1
2
γm (m = 0, 1, 2, 3), P4 = −1
2
γ5. (A.5)
14In this paper, we distinguish the differential operators from the matrix generators by attaching the “hat”.
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B Relation between Θ and r-matrix for modified cYBE
In this section, we show that the NC structure identified in [79] for the ABF solution
[76, 77] using the method outlined in section 3 agrees with the r-matrix. The analysis
presented here extends this observation to YB deformations based on r-matrix solutions
to the modified cYBE. We will restrict our attention to the bosonic generators of greatest
interest to the geometry.
We begin by focusing on the bosonic part of the superalgebra gl(4|4) and in particular
the conformal subalgebra, which entails restricting ourselves to the generators Eij, where
i, j = 1, 2, 3, 4. With this restriction, the commutation relations take the form [24]:
[Eij , Ekl] = δkjEil − δilEkj. (B.1)
In this notation, dilatations D, translations Pαβ˙ and special conformal transformations
Kα˙β, as well as a pair of su(2) subalgebras, Lαβ and L¯α˙β˙ take the form [24]:
D =
1
2
(Eλλ −Eλ˙λ˙), Pαβ˙ = Eαβ˙, Kα˙β = Eα˙β,
Lαβ = Eαβ − 1
2
δαβEλλ, L¯α˙β˙ = Eα˙β˙ −
1
2
δα˙β˙Eλ˙λ˙, (B.2)
where α, β, λ = 1, 2 and α˙, β˙, λ˙ = 3, 4.
To make contact with the geometry, we need to specify an AdS5 metric and identify the
Killing vectors associated to the above generators. Following ABF [76, 77], we consider the
metric,
ds2 = −(1 + ρ2)dt2 + dρ
2
(1 + ρ2)
+ ρ2
(
dζ2 + cos2 ζdψ21 + sin
2 ζdψ22
)
. (B.3)
It is a straightforward exercise to identify suitably complexified Killing vectors that sat-
isfy the same commutation relations. Explicitly, the corresponding Killing vectors may be
expressed as follows:
D = −i∂t, L11 = − i
2
(∂ψ1 + ∂ψ2), L¯33 = −
i
2
(∂ψ1 − ∂ψ2),
L12 = e
i(ψ1+ψ2) (tan ζ∂ψ1 + i∂ζ − cot ζ∂ψ2) ,
L21 = e
−i(ψ1+ψ2) (tan ζ∂ψ1 − i∂ζ − cot ζ∂ψ2) ,
L¯34 = e
i(ψ1−ψ2) (tan ζ∂ψ1 + i∂ζ + cot ζ∂ψ2) ,
L¯43 = e
−i(ψ1−ψ2) (tan ζ∂ψ1 − i∂ζ + cot ζ∂ψ2) , (B.4)
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P14 = e
i(t+ψ1)
√
1 + ρ2
ρ
(
ρ cos ζ∂ρ +
iρ2
1 + ρ2
cos ζ∂t − sin ζ∂ζ + i sec ζ∂ψ1
)
,
P23 = e
i(t−ψ1)
√
1 + ρ2
ρ
(
ρ cos ζ∂ρ +
iρ2
1 + ρ2
cos ζ∂t − sin ζ∂ζ − i sec ζ∂ψ1
)
,
P13 = e
i(t+ψ2)
√
1 + ρ2
ρ
(
ρ sin ζ∂ρ +
iρ2
1 + ρ2
sin ζ∂t + cos ζ∂ζ + i csc ζ∂ψ2
)
,
P24 = e
i(t−ψ2)
√
1 + ρ2
ρ
(
ρ sin ζ∂ρ +
iρ2
1 + ρ2
sin ζ∂t + cos ζ∂ζ − i csc ζ∂ψ2
)
,
K41 = e
−i(t+ψ1)
√
1 + ρ2
ρ
(
ρ cos ζ∂ρ − iρ
2
1 + ρ2
cos ζ∂t − sin ζ∂ζ − i sec ζ∂ψ1
)
,
K42 = e
−i(t−ψ2)
√
1 + ρ2
ρ
(
ρ sin ζ∂ρ − iρ
2
1 + ρ2
sin ζ∂t + cos ζ∂ζ + i csc ζ∂ψ2
)
,
K31 = e
−i(t+ψ2)
√
1 + ρ2
ρ
(
ρ sin ζ∂ρ − iρ
2
1 + ρ2
sin ζ∂t + cos ζ∂ζ − i csc ζ∂ψ2
)
,
K32 = e
−i(t−ψ1)
√
1 + ρ2
ρ
(
ρ cos ζ∂ρ − iρ
2
1 + ρ2
cos ζ∂t − sin ζ∂ζ + i sec ζ∂ψ1
)
, (B.5)
where we have employed the same notation to make contact with the generators (B.2).
With the Killing vectors in hand, it is now an easy exercise to take the r-matrix from
the literature, e. g. [24], and translate the generators into Killing vectors,
r = ic (E12 ∧ E21 + E13 ∧ E31 + E14 ∧ E41 + E23 ∧ E32 + E24 ∧ E42 + E34 ∧ E43) ,
= 4c (ρ∂t ∧ ∂ρ + tan ζ∂ζ ∧ ∂ψ1) , (B.6)
where c is a complex constant. At this point, we have to simply recall the expression for
Θ [79],
Θtρ = κρ, Θζψ1 = κ tan ζ, (B.7)
where κ is an additional constant, to confirm that they are of the same form. It is clear
that by normalizing Killing vectors correctly, one can recover (1.3). Although we have
focused exclusively on the deformation of the AdS5 spacetime, the internal five-sphere is also
deformed in the ABF solution. Either by analytic continuation, or direct calculation, it can
be shown that the above result also extends to the five-sphere. We leave the exercise to the
interested reader.
39
C Generalized type IIB supergravity equations
In the case of Yang-Baxter deformations of AdS5×S5 based on the homogeneous CYBE [24],
the resulting target spacetime satisfies the equations of motion of type IIB supergravity if
the classical r-matrix satisfies the unimodularity condition [35]. If not, the background is a
solution of the generalized type IIB supergravity [39, 40] described below.
The generalised type IIB supergravity equations are [39, 40]
RMN − 1
4
HMKLHN
KL − TMN +DMXN +DNXM = 0 (M,N = 0, 1, · · · , 9) , (C.1)
1
2
DKHKMN +
1
2
F
K
FKMN +
1
12
FMNKLPF
KLP = XKHKMN +DMXN −DNXM , (C.2)
R− 1
12
H2 + 4DMX
M − 4XMXM = 0 , (C.3)
DMFM − ZMFM − 1
6
HMNKFMNK = 0 , I
M
FM = 0 , (C.4)
DKFKMN − ZKFKMN − 1
6
HKPQFKPQMN − (I ∧ F1)MN = 0 , (C.5)
DKFKMNPQ − ZKFKMNPQ + 1
36
ǫMNPQRSTUVWH
RST
F
UVW − (I ∧ F3)MNPQ = 0 . (C.6)
The first equation (C.1) describes the dynamics of the metric in the string frame gMN , where
TMN is defined as
TMN ≡ 1
2
FMFN +
1
4
FMKLFN
KL +
1
4× 4!FMPQRSFN
PQRS
− 1
4
GMN(FKF
K +
1
6
FPQRF
PQR) .
(C.7)
Here FM ,FMNK ,FMNKPQ are the rescaled RR field strengths
Fn1n2... = e
ΦFn1n2... , (C.8)
where Φ is the dilaton whose motion is described by (C.3) . The second equation (C.2)
is for the field strength HMNK of the NS-NS two-form. Eqs. (C.4), (C.5) and (C.6) are
respectively for the R-R one-form, three-form and five-form field strengths. Note that DM
is the covariant derivative with respect to the Levi-Civita connection of the closed string
metric gMN .
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The Bianchi identities for the R-R field strengths are also generalized as
(dF1 − Z ∧ F1)MN − IKFMNK = 0, (C.9)
(dF3 − Z ∧ F3 +H3 ∧ F1)MNPQ − IKFMNPQK = 0, (C.10)
(dF5 − Z ∧ F5 +H3 ∧ F3)MNPQRS + 1
6
ǫMNPQRSTUVW I
T
F
UVW = 0. (C.11)
Together with the standard type IIB fields, equations (C.1)-(C.6) involve the three new
vector fields X , I and Z. Let us consider them in detail. In fact, only two of them are
independent as the vector X is expressed as
XM ≡ IM + ZM . (C.12)
I and Z satisfy the following relations:
DMIN +DNIM = 0 , DMZN −DNZM + IKHKMN = 0 , IMZM = 0 . (C.13)
The first equation of (C.13) is the Killing vector equation. Assuming that IM is chosen such
that the Lie derivative vanishes,
(LIB)MN = I
K∂KBMN +BKN∂MI
K − BKM∂NIK = 0, (C.14)
the second equation of (C.13) can be solved by
ZM = ∂MΦ− BMNIN . (C.15)
Thus Z can be regarded as a generalization of the dilaton gradient ∂MΦ . In particular, when
I vanishes, ZM becomes ∂MΦ and the generalised equations (C.1)-(C.6) are reduced to the
usual type IIB supergravity equations.
C.1 Λ-invariance of generalised supergravity
Let us assume that the generalized supergravity equations of motion are coming from
an action Sg.s
15. We can ensure Λ-invariance of the theory (see section 5) by the following
15The explicit form of Sg.s. is not known and it may not exist. However, here it is not important for our
analysis, since it boils down to taking the divergence of an equation of motion of generalized supergravity
and demanding consistency. The assumption of an action is merely a prop to aid presentation.
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simple argument. Assuming that the only spacetime field that transforms nontrivially under
Λ-symmetry is the B field with δΛB = dΛ, the variation of the action can be written as
δΛSg.s. =
∫
d10x
√
g
δLg.s.
δBMN
∂MΛN = −
∫
d10x
√
g DMY
MNΛN , (C.16)
where
Y MN =
δLg.s.
δBMN
= 0 (C.17)
is the generalised equation of motion for the B field (C.2). Checking that the divergence
DMY
MN of this expression vanishes we establish the Λ-invariance of the total generalised
supergravity action. One can also view this as a simple consistency check for the complete
set of modified supergravity field equations, as almost every equation is involved.
Using the equation of motion (C.2):
YMN =
1
2
DKHKMN +
1
2
F
K
FKMN +
1
12
FMNKLPF
KLP
−XKHKMN −DMXN +DNXM ,
(C.18)
the divergence DMY
MN splits into three parts:
1
2
DMDKHKMN = −1
4
RNKLMH
KLM = 0. (C.19)
By the symmetry of the Riemann tensor,
DM
(
XKHKMN +DMXN −DNXM
)
= −2IKTNK + 2ZK
(
F
M
FMKN +
1
6
FKNMLPF
MLP
)
,
(C.20)
where one has to use the identities
DMZN −DNZM + IKHKMN = 0, XM = IM + ZM , (C.21)
(C.18), the modified Einstein equation
RMN − 1
4
HMKLHN
KL = TMN −DMXN −DNXM , (C.22)
and the fact that IM is a Killing vector (whence DMDNI
K = RKNMLI
L). Finally, there is
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the divergence of the RR part of (C.18):
1
2
DM(FKFKMN) +
1
12
DM(FMNKLPF
KLP ). (C.23)
To evaluate this one has to use the modified equations of motion for the 1-form and the 3-
form, as well as the Bianchi identities for the 3- and the 5-form. Adding up the contributions
of (C.20) and (C.23) we find that they cancel, so that the total divergence is zero.
D Fermionic T-duality
We recall the salient features of fermionic T-duality [57] (see [93] for a review), as it
pertains to the supergravity description. Firstly, for type II supergravity, one considers two
Majorana-Weyl Killing spinors
η =
(
ǫ
ǫˆ
)
, (D.1)
whose chirality is a property of the supergravity. Fermionic T-duality is implemented through
an auxiliary matrix Cab, which satisfies
∂µCab = 2 i ǫ
T
a γµǫb, (D.2)
where γµ are 16× 16 gamma matrices 16 and ǫa are Killing spinors subject to the constraint:
ǫTa γµǫb + ǫˆ
T
a γµǫˆb = 0. (D.3)
Here a = 1, . . . , n, labels the number of fermionic T-dualities being performed. Once this
condition is satisfied, the fermionic isometries commute [57].
Our conventions mean that γ0 ∝ 116, so that the Majorana (reality) condition on the
spinors is at odds with (D.3). As a result, we must complexify the spinors so that the
constraint can be imposed. As a direct consequence, the supergravity solutions one generates
through fermionic T-dualities are typically complex [94].
Once the matrix C is determined, the transformation of the dilaton and the RR sector
16Since we will be interested in type IIB geometries, ǫ, ǫˆ have the same chirality and once the chirality
projection condition is imposed, the spinors have 16 independent components, which is reflected in the
dimensionality of the gamma matrices.
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may be easily deduced from the following expressions [57]:
Φ˜ = Φ +
1
2
log detC, (D.4)
i
16
eΦ˜F˜ ij =
i
16
eΦF ij + C−1ab ǫ
i
a ⊗ ǫˆjb, (D.5)
where for type IIB, we can define the RR sector bi-spinor
F ij = (γµ)ijFµ +
1
3!
(γµνρ)ijFµνρ +
1
2
1
5!
(γµνρσλ)ijFµνρσλ. (D.6)
The metric does not change in the transformation. Although, the fermionic T-duality rules
were initially derived using pure spinor formalism, they can be derived directly from super-
gravity via ansatz [95]. 17
D.1 AdS5×S5 self-T-duality
From the analysis of [57], we know that AdS5×S5 is self-dual under a combination of
four bosonic T-dualities along the translation symmetries of AdS5 and eight compensating
fermionic T-dualities. In contrast to [57], here our treatment will be slightly different, as
we will impose the constraint (D.3) and directly solve (D.2). Moreover, we will focus on
fermionic T-dualities involving superconformal supersymmetries.
Solving the Killing spinor equations, 18 while dropping the Poincare´ supersymmetries,
we arrive at the solution:
ǫ =
(
z
1
2 + z−
1
2xµΓ 4µ
)
e
θ1
2
Γ6789iσ2e
θ2
2
Γ56e
θ3
2
Γ67e
θ4
2
Γ78e
θ5
2
Γ89ηS, (D.7)
where ηS is a constant spinor satisfying Γ
0123(iσ2)ηS = ηS. Note, we have used the customary
nested coordinates for S5:
ds2(S5) = dθ21 + sin
2 θ1(dθ
2
2 + sin
2 θ2(dθ
2
3 + sin
2 θ3(dθ
2
4 + sin
2 θ4dθ
2
5))). (D.8)
Imposing this projection condition, which relates the two Weyl spinors, we can extract
17See [96] for a treatment in terms of a canonical transformation
18In this subsection we use the conventions of [97], which differ in an overall sign in the RR sector from [59].
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sixteen-component Weyl spinors,
ǫ =
[
z
1
2 + z−
1
2 (−x0 γ4 + xi γ 4i )
]
e
θ1
2
γ45e
θ2
2
γ56e
θ3
2
γ67e
θ4
2
γ78e
θ5
2
γ89ηS,
ǫˆ = −
[
z
1
2 + z−
1
2 (−x0 γ4 + xi γ 4i )
]
γ123e
θ1
2
γ45e
θ2
2
γ56e
θ3
2
γ67e
θ4
2
γ78e
θ5
2
γ89ηS,
(D.9)
where repeated i = 1, 2, 3, indices are summed.
Our task now is to identify the eight Killing spinors that satisfy the constraint (D.3), on
the further condition that all angular dependence drops out of the determinant, and as a
result, the dilaton shift (D.4). If commuting isometries are chosen in an ad hoc way so that
the angular dependence does not drop out of the dilaton shift, then additional internal T-
dualities along (complexified) isometries in S5, as explained initially in [57], will be required.
We expect that this procedure is suitably flexible, so that no matter how one chooses the
eight commuting fermionic isometries, then one should always be able to find a compensating
internal T-duality.
We recall that ηS, which appears in both ǫ and ǫˆ, is a sixteen-component spinor, so we
should isolate eight Killing spinors corresponding to the fermionic isometries. Analysis of the
constraint (D.3) reveals that all angular dependence drops out and imposing it boils down
to choosing the constant spinor ηS so that
ηTS γµηS = 0, µ = 0, 1, 2, 3. (D.10)
Since γ0 is proportional to the identity matrix, we can most easily identify eight Killing
spinors by imposing the constraint γ123ηS = iηS. In the process, our sixteen candidate Killing
spinors are automatically reduced to eight complex Killing spinors, with the constraint now
satisfied by construction.
It is now straightforward to determine Cab by integrating (D.2). Owing to the fact that
the matrix is 8×8, we omit the details. However, from the determinant, modulo an irrelevant
constant, one can determine the shift in the dilaton,
Φ = 4 log
[
(−x20 + x21 + x22 + x23 + z2)
z
]
. (D.11)
One next inverts Cab and determines the transformation of the RR sector from the bispinor
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(D.5). The output of the eight fermionic T-dualities takes the form:
ds2 =
(−dx20 + dx21 + dx22 + dx23 + dz2)
z2
+ ds2(S5),
F1 =
4i z3
(xµxµ + z2)3
d
[
z
(xµxµ + z2)
]
, Φ = 4 log
[
(xµx
µ + z2)
z
]
.
(D.12)
From here it is easy to see that the transformation (7.2), followed by bosonic T-duality along
x0, x1, x2, x3 and an inversion z → z−1 restores the geometry to its original form.
E Cohomology classes for NC structure
Having motivated the unimodularity condition (1.4) from a physical symmetry principle
in the last section, here we briefly comment on a possible mathematical interpretation.
Despite the fact that Θ may not define a Poisson structure in the brane worldvolume,19 we
can use the technology from the Poisson geometry to study some properties on the brane
worldvolume. In particular, we can define a cohomology class for the NC structure, similar
to the modular vector class we have in a generic Poisson manifold [100, 101].
A Poisson manifold (Σ,Θ) is a smooth manifold endowed with a skew-symmetric 2-tensor
Θ, called a Poisson bivector [101]. With this structure, we can define the usual Poisson
bracket {f, g} := Θµν∂µf∂νg and the Hamiltonian vector field Hf := {f, ·}. Therefore, NC
structure Θ may be used to define a Hamiltonian flow,
Hf := Θ
µν ∂f
∂ξµ
∂
∂ξν
, ∀f ∈ C(Σ) . (E.1)
19To see the latter, let Σ be a D-brane worldvolume with local coordinates ξµ, µ = 1, · · · , d = p + 1
and define the Λ-invariant field F = (B + F )|Σ with field strength H = dF = dB. The noncommutativity
bivector [14, 80] Θ = 1
2
Θµν∂µ ∧ ∂ν has components given by (3.2)
Θµν = −
(
1
g + F
F
1
g − F
)µν
.
For odd p and when F is of maximal rank, and when H = 0 then, F is a non-degenerate closed two-form and
hence defines a sympletic structure on Σ; Σ is hence a symplectic manifold [14,80]. When F is degenerate, it
does not define a symplectic structure. When dF 6= 0 and the star product is defined through the Kontsevich
formula (eq. 5.4 of [80]), the associativity property of the star product implies that the Θ parameter defines a
Poisson structure on the brane worldvolume [80,98,99]. On the other hand, in our case, we do not define the
star-product through the Kontsevich formula, but by a Drinfeld twist, therefore, we do not need to impose
any extra condition on the Θ parameter, and in particular, it does not necessarily define a Poisson structure
on the brane worldvolume theory.
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There is a natural choice for the brane volume-form, that is
Ω = e−φ
√
det(g + F)ddξ , (E.2)
as Szabo argues in [80]. In this case, the Lie derivative of the volume-form is proportional
to the volume-form itself, that is
LXΩ = X
µ∂µ
(
e−φ
√
det(g + F)
)
ddξ ≡ h(ξ)Ω , (E.3)
where h(ξ) is a function. Furthermore, using LX := d ◦ ιX + ιX ◦ d, one can sow that
LXΩ = ∇ ·X Ω . (E.4)
Let us now define a vector field, which we call modular vector field of Θ to follow the
nomenclature of the Poisson manifold literature, by the condition
LHfΩ := χ(f)Ω . (E.5)
In other words, it is a vector field that determines the Lie derivative along the Hamiltonian
vector field (E.1). The LHS of (E.5) is
LHfΩ = df ∧ d ◦ ιΘΩ , (E.6a)
and the RHS is
χ(f)Ω = χµδµf Ω = df ∧ ιχΩ . (E.6b)
Therefore
ιχΩ = d ◦ ιΘ Ω . (E.7)
The divergence ∇ ·Θ reads
⋆∇ ·Θ = d ⋆Θ = d(⋆Θ) = d (ιΘΩ)
and using (E.7), one can show that ∇ · Θ = χ. On the other hand, we have already shown
∇ ·Θ = I|Σ. So, the vector I|Σ defines the modular vector field for the NC structure Θ.
There is one interesting consequence of this definition. Let us suppose that there exists
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a second volume form Ω̂ such that Ω = g(ξ)Ω̂. Therefore
χ(f)Ω = LHfΩ = LHf
(
g(ξ)Ω̂
)
= Hf(g)Ω̂ + gLHf (Ω̂) = −Hg(f)Ω̂ + gχˆΩ̂ . (E.8)
Then,
χ = χˆ− 1
g
Hg . (E.9)
One can use this equivalence relation to define a cohomology class [χ] ∈ H1(Σ) [100–103].
The important point is that, when the cohomology class of modular forms is trivial [χ] = 0,
then we can take a representative element of [χ] such that χ = HF (equivalent to a closed
form in the de Rham cohomology) and in this case, we have
LHf (e
FΩ) = Hf(e
F )Ω + eFLHfΩ
= −eFHF (f)Ω + eFHF (f)Ω = 0 .
(E.10)
Therefore, in principle, Iµ need not be a constant, as we already know from the generalised
supergravity solutions, but we can demand that it belongs to the trivial cohomology class of
the NC structure Θ, that is,
Iµ = Θµν∂νF . (E.11)
This requirement may be understood noting the existence of a nontrivial modular class which
implies that we do not have a volume form Ω invariant under all Hamiltonian flows. A similar
feature may be encountered in classical mechanics, but in this case the Liouville theorem
states that the volume form in a sympletic manifold is preserved by Hamiltonian flows. In
other words, Hamiltonian flows preserve volumes in the phase space [104, 105].
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